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Abstract
We give a new proof for the conjecture: if g is a cyclic vector in Dirichlet space and if |f (z)| |g(z)|
for all points, then f is cyclic.
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1. Introduction
Let={z : |z|< 1} be the unit disk in the complex planeC andH() denote the set of all
analytic functions on . Lex X be a Banach space of holomorphic functions in , such that
the shift operator Mz : f (z) → zf (z) is a continuous map of X into itself. Given f ∈ X,
we denote by [f ] the smallest closed Mz-invariant subspace of X containing f, namely
[f ] = {pf : p is a polynomial}.
We say that f is a cyclic vector for X if [f ] = X.
In 1949, Beurling [2] characterized the cyclic vectors on the classical Hardy space H 2.
The important consequences of this work in function theory has led many investigators to
study questions related to cyclicity on other Banach spaces of analytic functions. In 1984,
Brown and Shields [4] published an interesting paper giving extensive results and many
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open questions on cyclicity in Dirichlet space D. Subsequently, Brown [3] and others [6–8]
have provided answers to some of these open questions. In 2006 El-fallah et al. [5] gave a
new sufﬁcient condition for f ∈ D to be cyclic, not far from the known necessary condition.
However, the main problem in [4]: Question 12 remains an open question. One of the main
problems in [4] is Question 3, which say that:
If f, g ∈ D, if g is cyclic in D and if |f (z)| |g(z)| for all z ∈ , then must f be cyclic?
We know that in 1991 Richter and Sundberg conﬁrmed this conjecture in [8]. Later,
Aleman in [1] studied the invariant subspaces in general Dirichlet-type spaces and showed
that this conjecture was correct again. In this paper we will give a simple proof for Question
3. Now we need some notations.
The Dirichlet space, denoted by D, deﬁned by
D =
⎧⎨
⎩f (z) =
∑
k0
akz
k ∈ H() : ‖f ‖2∗ =
∑
k0
(k + 1)|ak|2 <∞
⎫⎬
⎭ .
By a direct calculation, we have ‖f ‖2∗ = ‖f ‖2H 2 + ‖f ‖2D , where
‖f ‖2
H 2 =
1
2
∫ 2
0
|f (ei)|2 d=
∑
k0
|ak|2,
‖f ‖2D =
1

∫

|f ′(z)|2 dm(z) =
∑
k0
k|ak|2,
where d, dm(z) denotes Lebesgue measure on the unit circle , unit disc  respectively.
It is well known that D is a Hilbert space under the norm ‖ · ‖∗. For more information
about D see [9]. Let H∞ be the algebra of bounded analytic functions in  with the norm
‖g‖∞ = supz∈|g(z)|, g ∈ H∞.
2. Proof of Question 3
For the proof of Question 3, we need some lemmas.
Lemma 1. For 0< t < 1, z ∈ , letft (z)=f (tz). Iff ∈ D, thenft ∈ D and ‖ft‖∗‖f ‖∗.
It is easily obtained by a direct calculation.
Lemma 2. If X is a reﬂexive Banach space and if {fn} ⊂ X, then fn → 0 weakly if
and only if both of the following conditions are satisﬁed: (i) fn(z) → 0 (z ∈ ), and (ii)
sup ‖fn‖X <∞.
See [4, Proposition 2].
Lemma 3. If g ∈ H∞, f ∈ D and fg ∈ D, then fg ∈ [f ].
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Proof. For 0< t < 1, g ∈ H∞, let Pn denote the partial sum of the power series of gt ,
we can easily show that ‖Pnf − gtf ‖∗ → 0 as n → ∞ which shows that gtf ∈ [f ]. If
supt‖gtf ‖∗ <∞, then gtf → gf weakly as t → 1− by Lemma 2, so gf is in the weak
closure of {pf : p is a polynomial}. Since the weak closure and norm closure of a subspace
in D are same, thus fg ∈ [f ]. Next we show that supt‖gtf ‖∗ <∞.
Since g ∈ H∞, we have
‖gtf ‖2D =
1

∫

|(gt (z)f (z))′|2 dm(z)2‖g‖2∞‖f ‖2D +
2

∫

|f (z)g′t (z)|2 dm(z).
Write ∫
D
|f (z)g′t (z)|2 dm(z)2
∫
D
|f (z) − ft (z)|2|g′t (z)|2 dm(z)
+ 2
∫
D
|ft (z)g′t (z)|2 dm(z)
 2I + 2II .
Let f (z) =∑k0 akzk , it follows that
I‖g‖2∞
∫

1
(1 − |tz|2)2
∣∣∣∣∣∣
∑
k0
akz
k −
∑
k0
akt
kzk
∣∣∣∣∣∣
2
dm(z)
= 2‖g‖2∞
∑
k0
|ak|2
∫ 1
0
(1 − tk)2r2k
1 − t2r2 r dr
2‖g‖2∞
∑
k0
|ak|2
∫ 1
0
1 − t2k
1 − t2r2 r dr
= 2‖g‖2∞
∑
k0
|ak|2 1 − t
2k
2(1 − t2)
‖g‖2∞
∑
k0
k|ak|2 <∞.
From Lemma 1,
II2
∫
D
|(fg)′t (z)|2 dm(z) + 2
∫
D
|f ′t (z)|2|gt (z)|2 dm(z)
2‖(fg)t‖2D + 2‖g‖2∞‖ft‖2D2‖fg‖2∗ + 2‖g‖2∞‖f ‖2∗ <∞.
Thus
sup
t
‖gtf ‖∗ = sup
t
(‖gtf ‖2H 2 + ‖gtf ‖2D)1/2
‖g‖∞‖f ‖H 2 + sup
t
‖gtf ‖D <∞. 
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Theorem 1. If f, g ∈ D, if g is cyclic in D and if |f (z)| |g(z)| for all z ∈ , then f is
cyclic in D.
Proof. If h = g/f , then h ∈ H∞ and hf = g, i.e. hf ∈ D. Then by Lemma 3, g ∈ [f ],
which shows that f is cyclic. 
Acknowledgments
The author would like to thank the anonymous referee for the Ref. [8]. The author is
partially supported by National Science Foundation of Fujian Province (No. 2006J0201)
and Foundation of Fujian Educational Department (No. JA04171).
References
[1] A.Aleman, Hilbert spaces of analytic functions between the Hardy and the Dirichlet space, Proc.Amer. Math.
Soc. 115 (1992) 97–104.
[2] A. Beurling, On two problems concerning linear transformations in Hilbert space, Acta Math. 81 (1949)
239–255.
[3] L. Brown, Invertible elements in the Dirichlet space, Canad. Math. Bull. 33 (1990) 419–422.
[4] L. Brown, A.L. Shields, Cyclic vectors in the Dirichlet space, Trans. Amer. Math. Soc. 285 (1984) 269–304.
[5] O. El-Fallah, K. Kellay, T. Ransford, Cyclicity in the Dirichlet space, Ark. Mat. 44 (2006) 61–86.
[6] B. Korenblum, Outer functions and cyclic elements in Bergman spaces, J. Funct. Anal. 115 (1993) 104–118.
[7] S. Richter, Invariant subspaces of the Dirichlet shift, J. Reine Angew. Math. 386 (1988) 205–220.
[8] S. Richter, C. Sundberg, A formula for the local Dirichlet integral, Michigan Math. J. 38 (1991) 355–379.
[9] W.T. Ross, The classical Dirichlet space, Contemporary Math. 393 (2006) 171–197.
